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L1
<latexit sha1_base64="mkbCHnA4LUWau4A61CnT+LXueRU=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf6ZcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDy2buQ==</latexit>

L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>



Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which is 
also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
<latexit sha1_base64="Abh1OKlCXhpYSeqzza9k3gRbRxY=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf7pcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDZObuA==</latexit>

L1
<latexit sha1_base64="mkbCHnA4LUWau4A61CnT+LXueRU=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf6ZcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDy2buQ==</latexit>

L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>





L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>



L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
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Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which is 
also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
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L1
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L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>





Gödel’s Speedup Theorem



Let i � 0, and let f be any recursive function.
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Gödel’s Speedup Theorem



Let i � 0, and let f be any recursive function.

Then there is an infinite family F of ⇧0
1 formulae such that:

1. 8� 2 F , Zi ` �; and

2. 8� 2 F , if k is the least integer s.t. Zi+1 `k symbols �, then Zi 6`f(k) symbols �.

Gödel’s Speedup Theorem



Let i � 0, and let f be any recursive function.

Then there is an infinite family F of ⇧0
1 formulae such that:

1. 8� 2 F , Zi ` �; and

2. 8� 2 F , if k is the least integer s.t. Zi+1 `k symbols �, then Zi 6`f(k) symbols �.

Gödel’s Speedup Theorem

!



A Simpler Speedup Theorem



Let  be any recursive function, and again let us 
refer to .  Then there are arithmetic 
sentences  s.t. , where the shortest proof  
confirming this has more more than  symbols.

f
Φ ⊃ PA ℒ1

ϕ Φ ⊢ ϕ P
f(nϕ)

A Simpler Speedup Theorem



To prove GST, we shall once 
again allow ourselves …



The Fixed Point Theorem (FPT)

Assume that  is a set of arithmetic sentences such 
that .  There for every arithmetic formula  
with one free variable , there is an arithmetic 
sentence  s.t.

.

We can intuitively understand  to be saying:  
“I have the property ascribed to me by the formula .”

Φ
Repr Φ ψ(x)

x
ϕ

Φ ⊢ ϕ ↔ ψ(nϕ)

ϕ
ψ



Ok; so let’s do it …



(FPT ) = (2)  * Φ ⊢ π̄sh ↔ ¬Prov-shΦ(nπ̄sh)

Proof:  Let  be an arbitrary (total) recursive function.  We can clearly 
write a formula that expresses the property of having a proof in PA 
shorter, symbol-wise, than , for the Gödel number of any formula .  
Let us do it like this:  .  By Repr , since a Turing machine can 
compute this relation, we then have:

(Rep*) = (1) 

Next, we can instantiate the Fixed Point Theorem to yield a formula that 
declares “There’s no proof of me shorter than what  applied to me 
returns!”  More formally, the instantiation will be:

f*

f(nϕ) ϕ
Prov-shΦ(nϕ) Φ

Prov-shΦ(nϕ) iff Φ ⊢ ϕ

f*

Now what about this self-referential sentence?  Can it have a proof 
shorter than  applied to its Gödel number?  Suppose it does.  Then by 
left-to-right on (1) it’s provable in .  But given this, combined with (2), 
this self-referential sentence is not provable by a derivation shorter than 

 applied to it — contradiction!  QED

f*
Φ

f*



(FPT ) = (2)  * Φ ⊢ π̄sh ↔ ¬Prov-shΦ(nπ̄sh)

Proof (short!):  Let  be a (total) recursive function.  Write  
to express having a proof in PA shorter, symbol-wise, than .  Since 
Repr , and this relation is Turing-computable:

(Rep*) = (1) 

Next, instantiate the Fixed Point Theorem to yield:

f* Prov-shΦ(nϕ)
f(nϕ)

Φ

Prov-shΦ(nϕ) iff Φ ⊢ ϕ

Suppose this self-referential formula has a short proof.  Then by left-to-
right on (1) it’s provable in .  But given this, combined with (2), this self-
referential sentence is not provable by a derivation shorter than  
applied to it — contradiction!  QED

Φ
f*





Med nok penger,  kan 
logikk løse alle problemer.


