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Arithmetic is Part of All Things Sci/Eng/Tech!
and courtesy of Gödel:  We can’t even prove all truths of arithmetic! 
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PA … …

Each circle is a larger part 
of the formal sciences.

ZFC



But these are easily 
misinterpreted pictures; so …



PA2 = Z2

A1 ⇥x(0 �= s(x))
A2 ⇥x⇥y(s(x) = s(y)� x = y)
A3 ⇤x(x ⇥= 0 � ⌅y(x = s(y))
A4 �x(x + 0 = x)
A5 �x�y(x + s(y) = s(x + y))
A6 ⇥x(x� 0 = 0)
A7 ⇥x⇥y(x� s(y) = (x� y) + x)

8X[(X(0) ^ 8x(X(x) ! X(s(x)) ! 8xX(x)]Induction Axiom

Comprehension Axioms 9X8x(x 2 X $ �(x))
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“Reality”

Z2 (= PA2)

ZFC
Math

Logic
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Cantor’s Theorem
Cantor (1878):



Cantor’s Theorem

P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>

Cantor (1878):



Cantor’s Theorem

P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>

The power set of the natural numbers (i.e. the set of all subsets 
of the natural numbers) is larger than the natural numbers!

Cantor (1878):



Cantor’s Theorem

P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>

The power set of the natural numbers (i.e. the set of all subsets 
of the natural numbers) is larger than the natural numbers!

How do we know this???!???

Cantor (1878):





slutten


