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Context …



Gödel’s Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus & FOL)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Finite Machine Match 
Gödel’s Greatness?
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Gödel as logician/mathematican; Gödel as prophet.



Gödel as logician/mathematican; Gödel as prophet.



Hilbert’s First Problem
Let A be an infinite set of real numbers.  Then we need 
to prove that A is in one-to-one correspondence 
either with the set of natural numbers, or with the set 
of all real numbers (i.e. with the continuum).

Alternatively (with transfinite numbers allowed):

:ℵ1 = 𝒫(ℕ) = 2ℵ0



ZFC to the Rescue …
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(Do you see a way to prove that 
some sets exist based on this?)
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(Russell’s Theorem; poor Frege!)
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End of Part I!



Better Overarching 
Pictorial Conception of 

ZF/ZFC …



Arithmetic is Part of All Things Sci/Eng/Tech!
and courtesy of Gödel:  We can’t even prove all truths of arithmetic! 

… 

PA … …

Each circle is a larger part 
of the formal sciences.



Actually, the true kernel is set theory!

PA … …

Each circle is a larger part 
of the formal sciences.

ZFC



But these are easily 
misinterpreted pictures; so …



PA2 = Z2

A1 ⇥x(0 �= s(x))
A2 ⇥x⇥y(s(x) = s(y)� x = y)
A3 ⇤x(x ⇥= 0 � ⌅y(x = s(y))
A4 �x(x + 0 = x)
A5 �x�y(x + s(y) = s(x + y))
A6 ⇥x(x� 0 = 0)
A7 ⇥x⇥y(x� s(y) = (x� y) + x)

8X[(X(0) ^ 8x(X(x) ! X(s(x)) ! 8xX(x)]Induction Axiom

Comprehension Axioms 9X8x(x 2 X $ �(x))
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“Reality”

Z2 (= PA2)

ZFC
Math

Logic



Proofs of Non-
Entailment in HS® …



We Have Entailment
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We Don’t Have Entailment
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Cantorian Context …



Cantor’s Theorem



Cantor’s Theorem
Cantor (1878):



Cantor’s Theorem

P(N) > N
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Cantor (1878):



Cantor’s Theorem

P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>

The power set of the natural numbers is larger than than the natural numbers!

Cantor (1878):



Cantor’s Theorem

P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>

The power set of the natural numbers is larger than than the natural numbers!

How do we know this???!???

Cantor (1878):



Continuum Hypothesis
(sans use of ordinal or cardinal numbers)



Continuum Hypothesis
(sans use of ordinal or cardinal numbers)

CH : 8S[(S ⇢ R ^ ¬Fin(S)) ! (S ⇠ N _ S ⇠ R)]
<latexit sha1_base64="Vnn0R0RHH4kWZdi0DpX0MfBWa30="></latexit><latexit sha1_base64="Vnn0R0RHH4kWZdi0DpX0MfBWa30="></latexit><latexit sha1_base64="Vnn0R0RHH4kWZdi0DpX0MfBWa30="></latexit><latexit sha1_base64="Vnn0R0RHH4kWZdi0DpX0MfBWa30="></latexit>



Continuum Hypothesis
(sans use of ordinal or cardinal numbers)

CH : 8S[(S ⇢ R ^ ¬Fin(S)) ! (S ⇠ N _ S ⇠ R)]
<latexit sha1_base64="Vnn0R0RHH4kWZdi0DpX0MfBWa30="></latexit><latexit sha1_base64="Vnn0R0RHH4kWZdi0DpX0MfBWa30="></latexit><latexit sha1_base64="Vnn0R0RHH4kWZdi0DpX0MfBWa30="></latexit><latexit sha1_base64="Vnn0R0RHH4kWZdi0DpX0MfBWa30="></latexit>

Every infinite subset of the reals is either the same size 
as the natural numbers or the same size as the reals.



Generalized Continuum Hypothesis



Generalized Continuum Hypothesis

For every infinite set S,P(S) > S.
<latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit>



Generalized Continuum Hypothesis

For every infinite set S,P(S) > S.
<latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit>

Generalized Continuum Hypothesis (GCH):

There’s no set (size-wise) between S and P(S).



P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>
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Facts F …

http://etc.usf.edu/lit2go/40/the-memoirs-of-sherlock-holmes/573/adventure-1-silver-blaze
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(in honor of Inspector Gregory)
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H = Holmes’s scenario 

Holmes:  “Gregory’s claim is G (Simpson is guilty, & 
other details re. what he did).  We have F, the facts of 
the case, disputed by no one (and obviously consistent).  
The question is:  F  G?  The answer is clearly No, for 
my scenario H, which entails , is consistent with the 
facts [ ], and H entails .  Here’s the 
proof:  Suppose for reductio that F  G.  Then F  H 
are inconsistent — contradiction!  Hence F  G.”

⊢
¬G

Con (F ∪ H) ¬G
⊢ ∪

⊬



Proof sketch …



Questions:

How many  formulae are there?

And is each formula finite in length?

ℒ1





Proof-sketch:  The complete set-theoretic universe, known as , stratified and 
built up step by step by iterated use of the power-set operator , is the 
complete collection of all sets sanctioned by ZFC.  (Details require transfinite 
numbers.)

Let’s construct, said Gödel in Holmes-in-“Silver Blaze” fashion, our own scenario:  
viz. a hierarchy  of sets (the inner model of constructible sets), 
likewise building up gradually level by level, starting with , but only taking one 
step upwards to the set  of all subsets of  definable in  = first-
order logic using only the two-place relation .  We can show that  gives us a 
model that renders ZFC true; and, all that is true on this model is consistent 
with ZFC.  In particular,  is consistent, assuming that ZFC is (and we 
made this assumption to get started in the first place).

But note along with the assumption that , there are only a countable 
number of -defining  formulae.  Since by hypothesis every real number 
occurs on some level of the -hierarchy, and each jump up the hierarchy requires 
a first-order formula, there are only as many real numbers as the first 
uncountable “size” we have (= ).  Hence, CH holds.  QED

V
𝒫

L
∅

Defℒ1
(A) A ℒ1

∈ L

V = L

V = L
L ℒ1

L

ω1 = 𝒫(ℕ)
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