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Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which 
is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…
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“Leibniz was right that Descartes was 
right that … :  God exists, necessarily.”



Gödel’s “God Theorem”



Gödel’s “God Theorem” (formalized, machine verified)

(1) 8P [Pos(¬P ) $ ¬Pos(P )] premise
(2) 8P1 8P2 {Pos(P1) ^⇤8x [P1(x) ! P2(x)] ! Pos(P2)} premise

) (3) 8P [Pos(P ) ! ⌃9x P (x)] theorem
(4) 8x [G(x) $ 8P [Pos(P ) ! P (x)] definition
(5) Pos(G) premise

) (6) ⌃9x G(x) corollary
(7) 8P [Pos(P ) ! ⇤Pos(P )] premise
(8) 8x8P {Ess(P, x) $ [P (x) ^ 8P 0 (P 0(x) ! ⇤8y(P (y) ! P 0(y))} definition

) (9) 8x [G(x) ! Ess(G, x)] theorem
(10) 8x {NE (x) $ 8P [Ess(P, x) ! ⇤9y P (y)]} definition
(11) Pos(NE ) premise

) (12) ⇤9x G(x) (a.k.a. “Necessarily, God exists.) theorem
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Gödel’s “God Theorem” (formalized, machine verified)

(1) 8P [Pos(¬P ) $ ¬Pos(P )] premise
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) (9) 8x [G(x) ! Ess(G, x)] theorem
(10) 8x {NE (x) $ 8P [Ess(P, x) ! ⇤9y P (y)]} definition
(11) Pos(NE ) premise

) (12) ⇤9x G(x) (a.k.a. “Necessarily, God exists.) theorem
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PA1 = Z1

A1 ⇥x(0 �= s(x))
A2 ⇥x⇥y(s(x) = s(y)� x = y)
A3 ⇤x(x ⇥= 0 � ⌅y(x = s(y))
A4 �x(x + 0 = x)
A5 �x�y(x + s(y) = s(x + y))
A6 ⇥x(x� 0 = 0)
A7 ⇥x⇥y(x� s(y) = (x� y) + x)

And, every sentence that is the universal closure of an instance of

([�(0) ⇤ ⇥x(�(x) � �(s(x))] � ⇥x�(x))
where �(x) is open w� with variable x, and perhaps others, free.



PA1 = Z1

A1 ⇥x(0 �= s(x))
A2 ⇥x⇥y(s(x) = s(y)� x = y)
A3 ⇤x(x ⇥= 0 � ⌅y(x = s(y))
A4 �x(x + 0 = x)
A5 �x�y(x + s(y) = s(x + y))
A6 ⇥x(x� 0 = 0)
A7 ⇥x⇥y(x� s(y) = (x� y) + x)

And, every sentence that is the universal closure of an instance of

([�(0) ⇤ ⇥x(�(x) � �(s(x))] � ⇥x�(x))
where �(x) is open w� with variable x, and perhaps others, free.
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PA2 = Z2
A1 ⇥x(0 �= s(x))
A2 ⇥x⇥y(s(x) = s(y)� x = y)
A3 ⇤x(x ⇥= 0 � ⌅y(x = s(y))
A4 �x(x + 0 = x)
A5 �x�y(x + s(y) = s(x + y))
A6 ⇥x(x� 0 = 0)
A7 ⇥x⇥y(x� s(y) = (x� y) + x)

(if we drop any restriction C, we have full second-order arithmetic.)



PA2 = Z2
A1 ⇥x(0 �= s(x))
A2 ⇥x⇥y(s(x) = s(y)� x = y)
A3 ⇤x(x ⇥= 0 � ⌅y(x = s(y))
A4 �x(x + 0 = x)
A5 �x�y(x + s(y) = s(x + y))
A6 ⇥x(x� 0 = 0)
A7 ⇥x⇥y(x� s(y) = (x� y) + x)

8X([X(0) ^ 8x(X(x) ! X(s(x))] ! 8xX(x))Induction Axiom

(if we drop any restriction C, we have full second-order arithmetic.)



PA2 = Z2
A1 ⇥x(0 �= s(x))
A2 ⇥x⇥y(s(x) = s(y)� x = y)
A3 ⇤x(x ⇥= 0 � ⌅y(x = s(y))
A4 �x(x + 0 = x)
A5 �x�y(x + s(y) = s(x + y))
A6 ⇥x(x� 0 = 0)
A7 ⇥x⇥y(x� s(y) = (x� y) + x)

8X([X(0) ^ 8x(X(x) ! X(s(x))] ! 8xX(x))Induction Axiom

9X(8xX(x) $ �(x)) where �(x) 2 CComprehension 
Schema

(if we drop any restriction C, we have full second-order arithmetic.)
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Gödel’s Speedup Theorem
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Let i � 0, and let f be any recursive function.

Gödel’s Speedup Theorem
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Let i � 0, and let f be any recursive function.

Then there is an infinite family F of ⇧0
1 formulae such that:

Gödel’s Speedup Theorem
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Let i � 0, and let f be any recursive function.
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Let i � 0, and let f be any recursive function.

Then there is an infinite family F of ⇧0
1 formulae such that:

1. 8� 2 F , Zi ` �; and

2. 8� 2 F , if k is the least integer s.t. Zi+1 `k symbols �, then Zi 6`f(k) symbols �.

Gödel’s Speedup Theorem
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Let i � 0, and let f be any recursive function.

Then there is an infinite family F of ⇧0
1 formulae such that:

1. 8� 2 F , Zi ` �; and

2. 8� 2 F , if k is the least integer s.t. Zi+1 `k symbols �, then Zi 6`f(k) symbols �.

Gödel’s Speedup Theorem

G1 G

Can we build an AI that can prove this??
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Let i � 0, and let f be any recursive function.

Then there is an infinite family F of ⇧0
1 formulae such that:

1. 8� 2 F , Zi ` �; and

2. 8� 2 F , if k is the least integer s.t. Zi+1 `k symbols �, then Zi 6`f(k) symbols �.

Gödel’s Speedup Theorem

G1 G

Can we build an AI that can prove this??

Yes.  Somehow …
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Q`

Q|=
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Supererogatory Reflection



Supererogatory Reflection

Prove `PA1 1000 � 0; how long is your proof?



Supererogatory Reflection

Prove `PA1 1000 � 0; how long is your proof?

Prove `PA2 1000 � 0; how short can you make your proof?
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