
Gödel’s Greatest Theorem
(Gödel’s “Silver Blaze” Theorem)

Selmer Bringsjord
IFLAI1

Apr 26 2021
RPI

Troy NY USA





Gödels’ Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Machine Match Gödel’s 
Genius?



Gödels’ Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Machine Match Gödel’s 
Genius?



Gödels’ Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Machine Match Gödel’s 
Genius?



Gödels’ Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Machine Match Gödel’s 
Genius?



Gödels’ Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Machine Match Gödel’s 
Genius?



Gödels’ Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Machine Match Gödel’s 
Genius?



Gödel’s Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus & FOL)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Machine Match Gödel’s 
Genius?

Today:  By far the greatest of GGT; Selm’s analysis based Sherlock Holmes’ mystery “Silver Blaze.”



Gödel’s Great Theorems (OUP)
by Selmer Bringsjord

• Introduction (“The Wager”)

• Brief Preliminaries (e.g. the 
propositional calculus & FOL)

• The Completeness Theorem

• The First Incompleteness Theorem 

• The Second Incompleteness 
Theorem

• The Speedup Theorem

• The Continuum-Hypothesis 
Theorem

• The Time-Travel Theorem

• Gödel’s “God Theorem”

• Could a Machine Match Gödel’s 
Genius?

Today:  By far the greatest of GGT; Selm’s analysis based Sherlock Holmes’ mystery “Silver Blaze.”

STOP & REVIEW IF NEEDED!



ZFC (The Foundation of Mathematics)



ZFC (The Foundation of Mathematics)

EXT:  Two sets which contain the same elements are equal.



ZFC (The Foundation of Mathematics)

EXT:  Two sets which contain the same elements are equal.
PAIR:  Given two sets A and B, the pair set {A, B} exists.



ZFC (The Foundation of Mathematics)

EXT:  Two sets which contain the same elements are equal.
PAIR:  Given two sets A and B, the pair set {A, B} exists.

…



ZFC (The Foundation of Mathematics)

EXT:  Two sets which contain the same elements are equal.
PAIR:  Given two sets A and B, the pair set {A, B} exists.

…

INF:  There exists an infinite set, viz. {ø, {ø}, {ø, {ø}}, …}.



ZFC (The Foundation of Mathematics)

EXT:  Two sets which contain the same elements are equal.
PAIR:  Given two sets A and B, the pair set {A, B} exists.

…

INF:  There exists an infinite set, viz. {ø, {ø}, {ø, {ø}}, …}.

AC:  Given a set A of nonempty pairwise 
disjoint sets, there exists a set which contains 
exactly one element of each set in A.



ZFC (The Foundation of Mathematics)

EXT:  Two sets which contain the same elements are equal.
PAIR:  Given two sets A and B, the pair set {A, B} exists.

…

INF:  There exists an infinite set, viz. {ø, {ø}, {ø, {ø}}, …}.

AC:  Given a set A of nonempty pairwise 
disjoint sets, there exists a set which contains 
exactly one element of each set in A.

N
<latexit sha1_base64="qJa0AQ3M+ErQLh9vrdltxYzEsUc=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF09SwdZiG8pm+9Iu3WzC7kYoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMr3P/4QmV5rG8N5ME/YgOJQ85o8ZKj72ImlEQZLfTfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuuXXv7rzWuCrqKMMRHMMpeHABDbiBJrSAgYRneIU3RzsvzrvzMR8tOcXOIfyB8/kDt0uQ7g==</latexit><latexit sha1_base64="qJa0AQ3M+ErQLh9vrdltxYzEsUc=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF09SwdZiG8pm+9Iu3WzC7kYoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMr3P/4QmV5rG8N5ME/YgOJQ85o8ZKj72ImlEQZLfTfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuuXXv7rzWuCrqKMMRHMMpeHABDbiBJrSAgYRneIU3RzsvzrvzMR8tOcXOIfyB8/kDt0uQ7g==</latexit><latexit sha1_base64="qJa0AQ3M+ErQLh9vrdltxYzEsUc=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF09SwdZiG8pm+9Iu3WzC7kYoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMr3P/4QmV5rG8N5ME/YgOJQ85o8ZKj72ImlEQZLfTfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuuXXv7rzWuCrqKMMRHMMpeHABDbiBJrSAgYRneIU3RzsvzrvzMR8tOcXOIfyB8/kDt0uQ7g==</latexit><latexit sha1_base64="qJa0AQ3M+ErQLh9vrdltxYzEsUc=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF09SwdZiG8pm+9Iu3WzC7kYoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMr3P/4QmV5rG8N5ME/YgOJQ85o8ZKj72ImlEQZLfTfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuuXXv7rzWuCrqKMMRHMMpeHABDbiBJrSAgYRneIU3RzsvzrvzMR8tOcXOIfyB8/kDt0uQ7g==</latexit>



Arithmetic is Part of All Things Sci/Eng/Tech!
and courtesy of Gödel:  We can’t even prove all truths of arithmetic! 

… 

PA … …

Each circle is a larger part 
of the formal sciences.



Arithmetic is Part of All Things Sci/Eng/Tech!
and courtesy of Gödel:  We can’t even prove all truths of arithmetic! 

… 

PA … …

Each circle is a larger part 
of the formal sciences.



Actually, the true kernel is set theory!

PA … …

Each circle is a larger part 
of the formal sciences.

ZFC



Cantor’s Theorem



Cantor’s Theorem
Cantor (1878):



Cantor’s Theorem

P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>

Cantor (1878):



Cantor’s Theorem

P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>

The power set of the natural numbers (i.e. the set of all subsets 
of the natural numbers) is larger than the natural numbers!

Cantor (1878):



Cantor’s Theorem

P(N) > N
<latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit><latexit sha1_base64="0FFRjxdeDwdvKUXPS6ubWW/vRWM=">AAACDXicbVDLSsNAFL3xWesr6tLNYBXqpiQi6EqKblxJBfuANpTJdNIOnTyYmQgl5Afc+CtuXCji1r07/8ZJGlBbDwycOede7r3HjTiTyrK+jIXFpeWV1dJaeX1jc2vb3NltyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsr89j0VkoXBnZpE1PHxMGAeI1hpqW8e9nysRgTzpJFWc+66yU16jC7Qz69vVqyalQPNE7sgFSjQ6JufvUFIYp8GinAsZde2IuUkWChGOE3LvVjSCJMxHtKupgH2qXSS/JoUHWllgLxQ6BcolKu/OxLsSznxXV2ZbShnvUz8z+vGyjt3EhZEsaIBmQ7yYo5UiLJo0IAJShSfaIKJYHpXREZYYKJ0gGUdgj178jxpndRsq2bfnlbql0UcJdiHA6iCDWdQh2toQBMIPMATvMCr8Wg8G2/G+7R0wSh69uAPjI9vA6mbgA==</latexit>

The power set of the natural numbers (i.e. the set of all subsets 
of the natural numbers) is larger than the natural numbers!

How do we know this???!???

Cantor (1878):
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Every infinite subset of the reals is either the same size 
as the natural numbers or the same size as the reals.
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For every infinite set S,P(S) > S.
<latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit>



Generalized Continuum Hypothesis

For every infinite set S,P(S) > S.
<latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit><latexit sha1_base64="6uwLt4BihHlUMhucT3NrBnMqQ+c=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIECbui6ElEQTxGYjSQhDA76Y1DZmeWmV4xLPkSL/6KFw+KCJ70b5zEHNTYp6Kqmq6uMJHCou9/ehOTU9Mzs3PzuYXFpeWV/OraldWp4VDlWmpTC5kFKRRUUaCEWmKAxaGE67B7OtCvb8FYodUl9hJoxqyjRCQ4Q0e18vuNONR32Zk2FJyvR4WKhBII1ALSPq3s0EbM8IYzmZX7xco2PaKVUitf8Ev+cOg4CEagQEZTbuXfG23N0xgUcsmsrQd+gs2MGRRcQj/XSC0kjHdZB+oOKhaDbWbD9/p0yzFtGrmIkVZIh+zPjYzF1vbi0DkHUe1fbUD+p9VTjA6bmVBJiqD496EolRQ1HXRF28IAR9lzgHEjXFbKb5hhHF2jOVdC8PflcXC1Wwr8UnCxVzg+GdUxRzbIJimSgByQY3JOyqRKOLknj+SZvHgP3pP36r19Wye80c46+TXexxcO/qEb</latexit>

Generalized Continuum Hypothesis (GCH):

There’s no set (size-wise) between S and P(S).
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Cohen (1963):

ADR-based approach to 
enabling an AI to discover 
and prove Gödel’s First 

Incompleteness Theorem:

Gödel (1938):

Hilbert’s #1 (1900):  “very plausible theorem”:  CH  

Won’t “AIl-ly” work on this theorem of Gödel’s!





[

]“What Would Poe Say About Today’s Social Robots?”

http://kryten.mm.rpi.edu/SB_AB_NSG_PoeSocialRobots_0712171200NY.pdf
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Facts F …

http://etc.usf.edu/lit2go/40/the-memoirs-of-sherlock-holmes/573/adventure-1-silver-blaze


Scenario G
(in honor of Inspector Gregory)
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Sherlock as Logician
F = facts of the case
G = Inspector Gregory’s scenario
H = Holmes’s scenario 

Holmes:  “Gregory’s claim is G (Simpson is guilty, & other details 
re. what he did).  We have F, the facts of the case, disputed by no 
one.  The question is:  F  G?  The answer is clearly No, for my 
scenario H, which entails , is consistent with the facts 
[ ], and H entails .  Here’s the proof:  

Proof:  Suppose for reductio that F  G.  Then F  H are 
inconsistent (since we can use F to prove G by our supposition; 
and we have H  from me).  But then we have that F  H 
is both consistent and inconsistent:  contradiction!  Hence by 
indirect proof F  G.  QED

⊢
¬G

Con (F ∪ H) ¬G

⊢ ∪

⊢ ¬G ∪

⊬



Gödel’s “Holmesian” Proof
ZFC  CH⊬ ¬



Gödel’s “Holmesian” Proof

Proof-Sketch:  Gödel created a scenario  in which all the real 
numbers are present, and everything about them entailed by ZFC holds.  I.e.,

.
In addition, Gödel also shown that given his scenario, CH can be proved; i.e.

Therefore, by parallel to Holmes’s reasoning, CH can never be disproved 
from ZFC!   Here’s the reasoning:  Suppose for reductio that ZFC CH.   
Therefore  and ZFC together are inconsistent.  (Why?  Because with the 
“combo” set  we can enlist (2) to prove CH, and our assumption 
for contradiction gives us CH.)  But this contradicts (1).  QED

𝒮G

(1) Con (𝒮G ∪ ZFC)

(2) 𝒮G ⊢ CH .

⊢ ¬
𝒮G

𝒮G ∪ ZFC
¬

ZFC  CH⊬ ¬
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.
In addition, Gödel also shown that given his scenario, CH can be proved; i.e.

Therefore, by parallel to Holmes’s reasoning, CH can never be disproved 
from ZFC!   Here’s the reasoning:  Suppose for reductio that ZFC CH.   
Therefore  and ZFC together are inconsistent.  (Why?  Because with the 
“combo” set  we can enlist (2) to prove CH, and our assumption 
for contradiction gives us CH.)  But this contradicts (1).  QED

𝒮G

(1) Con (𝒮G ∪ ZFC)

(2) 𝒮G ⊢ CH .

⊢ ¬
𝒮G

𝒮G ∪ ZFC
¬

(Of course, in “Silver Blaze,” Sherlock did proceed to show that his scenario was true.  The 
analogue to that doesn’t necessarily hold in the Gödel story —yet some think it should!!)

ZFC  CH⊬ ¬
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