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The power set of the natural numbers (i.e. the set of all subsets 
of the natural numbers) is larger than the natural numbers!

How do we know this???!???

Cantor (1878):
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Every infinite subset of the reals is either the same size 
as the natural numbers or the same size as the reals.
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For every infinite set S,P(S) > S.
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Generalized Continuum Hypothesis (GCH):

There’s no set (size-wise) between S and P(S).
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ADR-based approach to 
enabling an AI to discover 
and prove Gödel’s First 

Incompleteness Theorem:

Gödel (1938):

Hilbert’s #1 (1900):  “very plausible theorem”:  CH  

Won’t “AIl-ly” work on this theorem of Gödel’s!





[

]“What Would Poe Say About Today’s Social Robots?”

http://kryten.mm.rpi.edu/SB_AB_NSG_PoeSocialRobots_0712171200NY.pdf


With Sherlock Holmes in the picture …



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

With Sherlock Holmes in the picture …



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

“Silver Blaze”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

“Silver Blaze”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

Straker dead from a “savage blow.”  Inspector Gregory:  
“Fitzroy Simpson definitely guilty, and we arrested him!”

“Silver Blaze”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

Straker dead from a “savage blow.”  Inspector Gregory:  
“Fitzroy Simpson definitely guilty, and we arrested him!”

“Silver Blaze”

Holmes:  “But I’ve created a scenario in which all your clues/
evidence are true, but Fitzroy is perfectly innocent …”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

Straker dead from a “savage blow.”  Inspector Gregory:  
“Fitzroy Simpson definitely guilty, and we arrested him!”

“Silver Blaze”

Holmes:  “But I’ve created a scenario in which all your clues/
evidence are true, but Fitzroy is perfectly innocent …”

Gödel:  “I’ve created a scenario where all of ZFC is 
true, but so is the Continuum Hypothesis!”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

Straker dead from a “savage blow.”  Inspector Gregory:  
“Fitzroy Simpson definitely guilty, and we arrested him!”

“Silver Blaze”

Holmes:  “But I’ve created a scenario in which all your clues/
evidence are true, but Fitzroy is perfectly innocent …”

Gödel:  “I’ve created a scenario where all of ZFC is 
true, but so is the Continuum Hypothesis!”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



1900 Hilbert:  “... a very plausible theorem, which nevertheless, in spite 
of the most strenuous efforts, no one has succeeded in proving.  ...”

Straker dead from a “savage blow.”  Inspector Gregory:  
“Fitzroy Simpson definitely guilty, and we arrested him!”

“Silver Blaze”

Holmes:  “But I’ve created a scenario in which all your clues/
evidence are true, but Fitzroy is perfectly innocent …”

Gödel:  “I’ve created a scenario where all of ZFC is 
true, but so is the Continuum Hypothesis!”

With Sherlock Holmes in the picture …

Continuum Hypothesis:  There’s no set of a size between the integers and the reals.

1938 Gödel:  If “math” is consistent, you can’t prove that CH is false.

(1962 Cohen:  If “math” is consistent, you can’t prove that CH is true.)



Facts F …

http://etc.usf.edu/lit2go/40/the-memoirs-of-sherlock-holmes/573/adventure-1-silver-blaze


Scenario G
(in honor of Inspector Gregory)
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Sherlock as Logician
F = facts of the case
G = Inspector Gregory’s scenario
H = Holmes’s scenario 

Holmes:  “Gregory’s claim is G (Simpson is guilty, & other details 
re. what he did).  We have F, the facts of the case, disputed by no 
one.  The question is:  F  G?  The answer is clearly No, for my 
scenario H, which entails , is consistent with the facts 
[ ], and H entails .  Here’s the proof:  

Proof:  Suppose for reductio that F  G.  Then F  H are 
inconsistent (since we can use F to prove G by our supposition; 
and we have H  from me).  But then we have that F  H 
is both consistent and inconsistent:  contradiction!  Hence by 
indirect proof F  G.  QED

⊢
¬G

Con (F ∪ H) ¬G

⊢ ∪

⊢ ¬G ∪

⊬



Gödel’s “Holmesian” Proof
ZFC  CH⊬ ¬



Gödel’s “Holmesian” Proof

Proof-Sketch:  Gödel created a scenario  in which all the real 
numbers are present, and everything about them entailed by ZFC holds.  I.e.,

.
In addition, Gödel also shows that given his scenario, CH can be proved; i.e.

Therefore, by parallel to Holmes’s reasoning, CH can never be disproved 
from ZFC!   Here’s the reasoning:  Suppose for reductio that ZFC CH.   
Therefore  and ZFC together are inconsistent.  (Why?  Because with the 
“combo” set  we can enlist (2) to prove CH, and our assumption 
for contradiction gives us CH.)  But this contradicts (1).  QED

𝒮G

(1) Con (𝒮G ∪ ZFC)

(2) 𝒮G ⊢ CH .

⊢ ¬
𝒮G

𝒮G ∪ ZFC
¬

ZFC  CH⊬ ¬
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.
In addition, Gödel also shows that given his scenario, CH can be proved; i.e.

Therefore, by parallel to Holmes’s reasoning, CH can never be disproved 
from ZFC!   Here’s the reasoning:  Suppose for reductio that ZFC CH.   
Therefore  and ZFC together are inconsistent.  (Why?  Because with the 
“combo” set  we can enlist (2) to prove CH, and our assumption 
for contradiction gives us CH.)  But this contradicts (1).  QED

𝒮G

(1) Con (𝒮G ∪ ZFC)

(2) 𝒮G ⊢ CH .

⊢ ¬
𝒮G

𝒮G ∪ ZFC
¬

(Of course, in “Silver Blaze,” Sherlock did proceed to show that his scenario was true.  The 
analogue to that doesn’t necessarily hold in the Gödel story —yet some think it should!!)

ZFC  CH⊬ ¬
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