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Logistics …
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If you wish to attempt “resurrection”from a 
Test-1 grade of C (or nothing), pls email me 
bc now the underlying process for this has 
been implemented.

Also, last class I saw a proof or two with 
nodes having no assumption {•} sets visible.  
I need to get to the bottom of that, so 
please see me up front and/or come to 
office hours today (now 3:30–5:15).



Types of Paradoxes

• Deductive Paradoxes

• Inductive Paradoxes — coming (e.g. The 
Lottery Paradox & The St Petersburg 
Paradox)



Types of Paradoxes

• Deductive Paradoxes

• Inductive Paradoxes — coming (e.g. The 
Lottery Paradox & The St Petersburg 
Paradox)

First: 



The Liar (Paradox) …



The (Economical) Liar



The (Economical) Liar

L:  This sentence is false.



The (Economical) Liar

L:  This sentence is false.

If T(L) then ¬T(L)



The (Economical) Liar

L:  This sentence is false.

If T(L) then ¬T(L)

If ¬T(L) then T(L)



The (Economical) Liar

L:  This sentence is false.

If T(L) then ¬T(L)

If ¬T(L) then T(L)

T(L) iff (i.e., if & only if) ¬T(L)



The (Economical) Liar

L:  This sentence is false.

If T(L) then ¬T(L)

If ¬T(L) then T(L)

Contradiction!

T(L) iff (i.e., if & only if) ¬T(L)
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The (Verbose) Liar — With a Twist

L:  This sentence is false.

Theorem:  2+2 = 5.

Proof:  Set:

L is either true or false.  Suppose that it’s true.  Then since what it says 
is that it’s false, it is false; i.e., L is false, on this supposition.  So we’ve 
proved that if L is true, L is false.  Now suppose instead that L is false.  
Then since it says that it’s false, it’s true; i.e., L is true, on our current 
supposition.   We have thus proved that if L is false, L is true.  
Combining the conditionals we’ve proved yields this:  L is true if and 
only if L is false, which is a contradiction.  (P if and only if ¬P is logically 
equivalent to P and ¬P.)  By inference schema explosion, it follows that 
2+2 = 5.  QED
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Outlawing Self-Referential 
Sentences Isn’t the Answer!

Box 1 Box 2

The sentence in 
Box 2 is true.

The sentence in 
Box 1 is false.

Suppose that the sentence in Box 1 is true.  Then the sentence in Box 2 is true 
(because the sentence in Box 1 says that that sentence is true).  But then the sentence 
in Box 1 is false (because the sentence in Box 2 says that that sentence is false).  So, if 
the sentence in Box 1 is true, it’s false.  On the other hand, by parallel deduction, if the 
sentence in Box 1 is false, the sentence in Box 1 is true.  (Make sure you work out and 
verify the reasoning that establishes the previous sentence.)  We thus have again a 
contradiction:  The sentence in Box 1 is true if and only if it’s not true.

Neither 
sentence is 
self-referential.
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There was once a small town in Norway in which there 
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Such a situation is impossible!
Proof:  Let’s assume for the sake of argument that such a 
situation can be.   Without loss of generality, let the town be 
Lyngdal and the male Lyngdalian barber be Olaf.  Either Olaf 
shaves himself or he doesn’t.  But either case leads straight 
to a contradiction.  Therefore the situation is in fact 
impossible.  Here we go …

Suppose Olaf shaves himself.  Then it follows that he doesn’t 
shave himself.  Suppose on the other hand that Olaf doesn’t 
shave himself.  Then is follows that he does shave himself.  
Hence, Olaf shaves himself if and only if he doesn’t shave 
himself, which is a contradiction.  QED
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$20!
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Remember from earlier today:  This formula uses quantifiers to say there are at at least k objects.

Prove it!





Hvis du forstår det, kan 
du bevise det.


