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Consider therefore taking ILBAI & I(ML)AI! 



On the esemplastic 
extensional-logic ladder … 

questions?



Climbing the k-order Ladder 



Climbing the k-order Ladder 

a is a llama, as is b, a likes b, and the father of a is a llama as well.
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Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.
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L1
<latexit sha1_base64="mkbCHnA4LUWau4A61CnT+LXueRU=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf6ZcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDy2buQ==</latexit>

L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>
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The Ladder of Expressivity

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

Alvin is a llama, as is Betty, Alvin likes Betty, and the father of Alvin is a llama as well.

There’s some thing which is a llama and likes Betty 
(which is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…
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L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>



L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>



Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which 
is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
<latexit sha1_base64="Abh1OKlCXhpYSeqzza9k3gRbRxY=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf7pcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDZObuA==</latexit>

L1
<latexit sha1_base64="mkbCHnA4LUWau4A61CnT+LXueRU=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf6ZcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDy2buQ==</latexit>

L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>



Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which 
is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
<latexit sha1_base64="Abh1OKlCXhpYSeqzza9k3gRbRxY=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf7pcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDZObuA==</latexit>

L1
<latexit sha1_base64="mkbCHnA4LUWau4A61CnT+LXueRU=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf6ZcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDy2buQ==</latexit>

L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>



Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which 
is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
<latexit sha1_base64="Abh1OKlCXhpYSeqzza9k3gRbRxY=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf7pcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDZObuA==</latexit>

L1
<latexit sha1_base64="mkbCHnA4LUWau4A61CnT+LXueRU=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf6ZcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDy2buQ==</latexit>

L2
<latexit sha1_base64="1X/ib5tftcq97pEeujgiSySyeGE=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS1+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStarlyUq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEMebug==</latexit>

L3
<latexit sha1_base64="/aePdXiY6c+RjtyNrNsnWmXGXL4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqqS2+NgV3bhwUcE+oA1lMp20QyeTODMRSugfuHerv+BO3PoT/oGf4SQNoq0HLhzOuZd773FDzpS27U8rt7S8srqWXy9sbG5t7xR391oqiCShTRLwQHZcrChngjY105x2Qkmx73LadsdXid9+oFKxQNzpSUgdHw8F8xjB2khOz8d6pIiMb6b9ar9Ysst2CrRIKhkpQYZGv/jVGwQk8qnQhGOluhU71E6MpWaE02mhFykaYjLGQ9o1VGCfKidOj56iI6MMkBdIU0KjVP09EWNfqYnvms70yHkvEf/1EkUqT83t1965EzMRRpoKMlvvRRzpACW5oAGTlGg+MQQTycwHiIywxESb9AppNBcJTn+CWCStk3KlWq7d1kr1yyykPBzAIRxDBc6gDtfQgCYQuIcneIYX69F6td6s91lrzspm9uEPrI9vEmGbuw==</latexit>



Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which 
is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
<latexit sha1_base64="Abh1OKlCXhpYSeqzza9k3gRbRxY=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf7pcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDZObuA==</latexit>

L1
<latexit sha1_base64="mkbCHnA4LUWau4A61CnT+LXueRU=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf6ZcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDy2buQ==</latexit>

L2
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Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which 
is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
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Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which 
is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
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<latexit sha1_base64="mkbCHnA4LUWau4A61CnT+LXueRU=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf6ZcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDy2buQ==</latexit>
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Climbing the k-order Ladder 

Llama(a) ^ Llama(b) ^ Likes(a, b) ^ Llama(fatherOf (a))

a is a llama, as is b, a likes b, and the father of a is a llama as well.

There’s some thing which is a llama and likes b (which 
is also a llama), and whose father is a llama too.

9x[Llama(x) ^ Llama(b) ^ Likes(x, b) ^ Llama(fatherOf (x))]

Things x and y, along with the father of x, 
share a certain property (and x likes y).

9x9y9R[R(x) ^ R(y) ^ Likes(x, y) ^ R(fatherOf (x))]

ZOL

FOL

SOL

Things x and y, along with the father of x, share a certain 
property; and, x R2s y, where R2 is a positive property.

9x, y 9R,R2[R(x) ^ R(y) ^ R
2(x, y) ^ Positive(R2) ^ R(fatherOf (x))]TOL

…

L0
<latexit sha1_base64="Abh1OKlCXhpYSeqzza9k3gRbRxY=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKbly4qGAf0IYymU7aoZNJnJkIJfQP3LvVX3Anbv0J/8DPcJIG0eqBC4dz7uXee7yIM6Vt+8MqLCwuLa8UV0tr6xubW+XtnZYKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfFl6rfvqVQsFLd6ElE3wEPBfEawNpLbC7AeKSKT62nf7pcrdtXOgP4SJycVyNHolz97g5DEARWacKxU17Ej7SZYakY4nZZ6saIRJmM8pF1DBQ6ocpPs6Ck6MMoA+aE0JTTK1J8TCQ6UmgSe6cyOnPdS8V8vVaTy1dx+7Z+5CRNRrKkgs/V+zJEOUZoLGjBJieYTQzCRzHyAyAhLTLRJr5RFc57i5DuIv6R1VHWOq7WbWqV+kYdUhD3Yh0Nw4BTqcAUNaAKBO3iEJ3i2HqwX69V6m7UWrHxmF37Bev8CDZObuA==</latexit>
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Incomplete!



Blinky as portal to 
intensional logics …
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Blinky

Selmers believes Alex believes that the ball is in the cup at location #1.

B(blinky, loc-ball-1)

(Believes! blinky loc-ball-1)

In intensional logics, meaning and designation are separated, and compositionality is abandoned.

Blinky believes that the ball is in the cup at location #1.
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Better, But Embryonic:
The ToM Pawn Shop
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q a formula in modal L n
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Done, a Decade Ago,
Formally & Implementation/Simulation

Arkoudas, K. & Bringsjord, S. 
(2009) “Propositional 
Attitudes and Causation” 
International Journal of Software 
and Informatics 3.1:  47–65.
http://kryten.mm.rpi.edu/PRICAI_w_sequentcalc_041709.pdf

http://kryten.mm.rpi.edu/PRICAI_w_sequentcalc_041709.pdf
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Humans Can Succeed
Neurobiologically normal, nurtured, educated, 
and sufficiently motivated humans can correctly 
answer any relevant query q for the infinite 
progression, and prove that their answer is 
correct.  For the obvious subclass of queries 
(the form of which appear in the box below), 
they can prove and exploit the following lemma.

Lemma: Suppose FBTk, k 2 Z+, holds;
(i.e. that level k of FBT holds). Then, if k is even,
B2B1 . . .B2 ◆, where there are k + 1 iterated Bi

operators; otherwise B1B2 . . .B1B2 ◆, where there
again there are k + 1 iterated Bi operators.

<latexit sha1_base64="Gp5dJK0z/e7sDNfn9InljrASrbc="></latexit>



Passing to Probing Mastery 
of the Specific Subclass

Experimenter to a:  “At level k, 
from which box will a2 attempt to 
retrieve the objects on?  Prove it!”



Theoretical Machine Success on Infinite FBT!

Theorem: 8q 2 CC ,M can correctly answer and justify q.
I.e., M can pass FBT!.

<latexit sha1_base64="dnWTHb4rrnt4saptQV4aafXTQQI="></latexit>

Ok, so this logic machine exists in the 
mathematical universe; but does there exist 
an implemented machine with this power?
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Chisholm’s Paradox

D ⊢ ✓

PC ⊢ ✓
PC ⊢ ✓

D ⊢ ✓

PC ⊢ ✓
D ⊢ ✓

Axiom2. □(P → Q) → (□P → □Q)
D ⊢ ✓  ∞□

Given2. □(goes_assist_neighbors → tells_coming)
{Given2} Assume ✓

11. □tells_coming
{Given1,Given2}

10. □goes_assist_neighbors → □tells_coming
{Given2}

Given1. □goes_assist_neighbors
{Given1} Assume ✓

Given4. ¬goes_assist_neighbors
{Given4} Assume ✓

Given3. ¬goes_assist_neighbors → □¬tells_coming
{Given3} Assume ✓

12. □¬tells_coming
{Given3,Given4}

14. ¬(□tells_coming → ¬□¬tells_coming)
{Given1,Given2,Given3,Given4}

Axiom3. □φ → ◇φ
D ⊢ ✓  ∞□

Theorem1. □φ → ¬□¬φ
∞□

FALSUM!. ζ ∧ ¬ζ
{Given1,Given2,Given3,Given4}

Axiom1. "All theorems of the propositional calculus."
{Axiom1}  Assume ✓

Axiom5. "Theorems are obligatory."
{Axiom5}  Assume ✓

Axiom4. "Modus ponens for provability."
{Axiom4}  Assume ✓
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{Given1} Assume ✓

Given4. ¬goes_assist_neighbors
{Given4} Assume ✓

Given3. ¬goes_assist_neighbors → □¬tells_coming
{Given3} Assume ✓

12. □¬tells_coming
{Given3,Given4}

14. ¬(□tells_coming → ¬□¬tells_coming)
{Given1,Given2,Given3,Given4}

Axiom3. □φ → ◇φ
D ⊢ ✓  ∞□

Theorem1. □φ → ¬□¬φ
∞□

FALSUM!. ζ ∧ ¬ζ
{Given1,Given2,Given3,Given4}

Axiom1. "All theorems of the propositional calculus."
{Axiom1}  Assume ✓

Axiom5. "Theorems are obligatory."
{Axiom5}  Assume ✓

Axiom4. "Modus ponens for provability."
{Axiom4}  Assume ✓



Chisholm’s Paradox

D ⊢ ✓

PC ⊢ ✓
PC ⊢ ✓

D ⊢ ✓

PC ⊢ ✓
D ⊢ ✓

Axiom2. □(P → Q) → (□P → □Q)
D ⊢ ✓  ∞□

Given2. □(goes_assist_neighbors → tells_coming)
{Given2} Assume ✓

11. □tells_coming
{Given1,Given2}

10. □goes_assist_neighbors → □tells_coming
{Given2}

Given1. □goes_assist_neighbors
{Given1} Assume ✓

Given4. ¬goes_assist_neighbors
{Given4} Assume ✓

Given3. ¬goes_assist_neighbors → □¬tells_coming
{Given3} Assume ✓

12. □¬tells_coming
{Given3,Given4}

14. ¬(□tells_coming → ¬□¬tells_coming)
{Given1,Given2,Given3,Given4}

Axiom3. □φ → ◇φ
D ⊢ ✓  ∞□

Theorem1. □φ → ¬□¬φ
∞□

FALSUM!. ζ ∧ ¬ζ
{Given1,Given2,Given3,Given4}

Axiom1. "All theorems of the propositional calculus."
{Axiom1}  Assume ✓

Axiom5. "Theorems are obligatory."
{Axiom5}  Assume ✓

Axiom4. "Modus ponens for provability."
{Axiom4}  Assume ✓ !
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DCEC (supported fragment, student version)

First-order (Propositional) Schema
• Assume
• Not Elim, Not Intro
• And Elim, And Intro
• Or Elim, Or Intro
• If Elim, If Intro
• Iff Elim, Iff Intro
• Forall Elim, Forall Intro
• Exists Elim, Exists Intro
• Higher Order Forall Elim, Higher 

Order Forall Intro
• Higher Order Exists Elim, Higher 

Order Exists Intro
• Eq Elim, Eq Intro
• Pc Oracle, Fol Oracle

Modal Inference Schemata
• R1, R2, R3, R4, 
• Rk, Rb, 
• R14

Modal
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• Higher Order Forall Elim, Higher 
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• Eq Elim, Eq Intro
• Pc Oracle, Fol Oracle

Modal Inference Schemata
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For Brave HyperLogical Adventurers

“Everything smart knows that everything tinks anything 
that tinks something identical with something.”

“Blinky is smart and tinks himself.”

“Everything tinks anything that tinks 
something identical with something.”

Therefore:

“Yolanda tinks Xavier.”
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For Brave HyperLogical Adventurers





Det er en logikk for 
hvert problem!


