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“I have proved that syntax 
and semantics are 
fundamentally the same.”



Ruminations on 
Srinivas Ramanujan
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Preliminaries:  
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**At least in its “complete” form.  There are complete fragments of .ℒ2
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                                                        (< (dist (f x) L) \epsilon)))))))
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But Now the Deeper Challenge:
Add Two Quantifiers to the Pure Predicate Calculus,

Which Yields  First-order Logic = Predicate Calculus simpliciterℒ1

there exists at least one thing x such that …

for all x, it’s the case that …

9x . . .

8x . . .

Every natural number is greater than or equal to zero.
8x(x � 0)

Every positive integer x is less-than-or-equal-to a positive integer y.
8x9y(x  y) 8x9y( (x, y))

lim
x!a

f(x) = L

i↵

8✏(✏ > 0 ! 9�(� > 0 ^ 8x(d(x, a) < � ! d(f(x), L) < ✏)))
<latexit sha1_base64="zVp1teq//swBPgWgp5sOl5gNBKE="></latexit>

(forall (\epsilon) (if (> \epsilon 0) 
                       (exists (\delta) (and (> \delta 0)
                                        (forall (x) (if (< (dist x a) \delta) 
                                                        (< (dist (f x) L) \epsilon)))))))



The Shoulders Available to 
Gödel for Standing Upon

…



Completeness Theorem for 
The Propositional Calculus

Let � be a set {�1,�2, . . .} of formulae in the the propositional calculus.
Then either all of � are satisfiable, or the conjunction up to and including
the point k (i.e. �1 ^ �2 ^ . . . ^ �k) of failure is refutable.
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Completeness Theorem for 
The Propositional Calculus

Let � be a set {�1,�2, . . .} of formulae in the the propositional calculus.
Then either all of � are satisfiable, or the conjunction up to and including
the point k (i.e. �1 ^ �2 ^ . . . ^ �k) of failure is refutable.

<latexit sha1_base64="xITUKzHvbV/kBsUW/FJHtg5wTB8="></latexit>

Let � be a set {�1,�2, . . .} of formulae in the the propositional calculus.
Then either all of � can be simultaneously true in some scenario, or the
conjunction up to and including the point k (i.e. �1 ^ �2 ^ . . . ^ �k) of
failure is refutable (i.e. ` ¬(�1 ^ �2 ^ . . . ^ �k)).

<latexit sha1_base64="cUFmYnMZWq9+/1+rQoqL2aN6jL8="></latexit>



ϕ

Completeness Theorem (prop calc):
Either  is satisfiable, or  is refutable.ϕ ϕ

Build a semantic-hypergraph in HyperSlate 
to show that  is satisfiable (and display a 
hypergraph that provides the truth-making 
scenario), or — if unsatisfiable — proceed 
to suppose  and apply resolution to find a 
proof that refutes this formula.

ϕ

ϕ

Sat G, ∴ ϕ

Ref π, ∴ ϕ



What does the F-O 
Completeness Theorem 

say?
…



Completeness Theorem as an Equation

In first-order logic:  NECESSARY TRUTH = PROVABILITY.



Completeness Theorem, 
More Precisely Put

For every first-order statement :  if  is a 
necessary or absolute truth (i.e. true in any 
scenario whatsoever), then  is provable.

ϕ ϕ

ϕ



And the version Gödel targeted, 
and proved:

For every first-order statement :  Either  
is true in some scenario, or  is refutable 
(= it’s negation  can be proved).

ϕ ϕ
ϕ

¬ϕ

GCT



The Proof-Sketch
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Gödel’s Version Equivalent
 implies 

iff 

Either  is true in some scenario (i.e. Sat ), 
or  is refutable (i.e. ).

⊧ ϕ ⊢ ϕ

ϕ ϕ
ϕ ⊢ ¬ϕ



Gödel’s Version Equivalent
 implies 

iff 

Either  is true in some scenario (i.e. Sat ), 
or  is refutable (i.e. ).

⊧ ϕ ⊢ ϕ

ϕ ϕ
ϕ ⊢ ¬ϕ

Prove the equivalence.



Gödel’s Version Equivalent
 implies 

iff 

Either  is true in some scenario (i.e. Sat ), 
or  is refutable (i.e. ).

⊧ ϕ ⊢ ϕ

ϕ ϕ
ϕ ⊢ ¬ϕ

Prove the equivalence.

Can you prove Gödel’s version for the propositional calculus in HyperSlate?



The Proof-Sketch
To prove the theorem in the case of first-order logic , 
we need to show that given any set  of formulae in first-order 
logic, either there's a scenario on which every member of this 
set is true; otherwise, there is a refutation of the set, i.e. a proof 
from the set to an outright contradiction .  We can 
accomplish this by finding a procedure  that first takes the set 
in question and goes hunting for a scenario that does the trick.  
If the scenario is found, we're done.  But, if such a scenario can't 
be found, then our procedure moves on to find a proof of a 
contradiction from !

How?!  The procedure  is the building out of a semantic 
hypergraph!  If all the branches in the graph close, then the finding 
of a proof of a contradiction uses resolution, and the 
resolution guarantee.  The guarantee is that if you have a set 
of formulae that can’t be true in any scenario, resolution applied to 
the set finds a contradiction  =  = {}.   QED

( = ℒ1)
Γ

ϕ ∧ ¬ϕ
𝒫

Γ

𝒫

⊥ ζ ∧ ¬ζ



The Proof-Sketch
To prove the theorem in the case of first-order logic , 
we need to show that given any set  of formulae in first-order 
logic, either there's a scenario on which every member of this 
set is true; otherwise, there is a refutation of the set, i.e. a proof 
from the set to an outright contradiction .  We can 
accomplish this by finding a procedure  that first takes the set 
in question and goes hunting for a scenario that does the trick.  
If the scenario is found, we're done.  But, if such a scenario can't 
be found, then our procedure moves on to find a proof of a 
contradiction from !

How?!  The procedure  is the building out of a semantic 
hypergraph!  If all the branches in the graph close, then the finding 
of a proof of a contradiction uses resolution, and the 
resolution guarantee.  The guarantee is that if you have a set 
of formulae that can’t be true in any scenario, resolution applied to 
the set finds a contradiction  =  = {}.   QED

( = ℒ1)
Γ

ϕ ∧ ¬ϕ
𝒫

Γ

𝒫

⊥ ζ ∧ ¬ζ

See LAMA-BDLAHGHS.
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But How’d He Handle All of ?ℒ1
Gödel proves the lemma that if the GCT holds for 
formula of degree j, GCT holds of formulae of degree 
j+1.  So the challenge reduces to formulae of degree 1:



But How’d He Handle All of ?ℒ1

∀x1, x2, …, xk ∃y1, y2, …, ymϕ(x1, x2, …, xk, y1, y2, …, ym)

Gödel proves the lemma that if the GCT holds for 
formula of degree j, GCT holds of formulae of degree 
j+1.  So the challenge reduces to formulae of degree 1:



But How’d He Handle All of ?ℒ1

∀x1, x2, …, xk ∃y1, y2, …, ymϕ(x1, x2, …, xk, y1, y2, …, ym)

Gödel proves the lemma that if the GCT holds for 
formula of degree j, GCT holds of formulae of degree 
j+1.  So the challenge reduces to formulae of degree 1:

How?  By ingenious tree-building, which starts by creating an 
enumeration of new constants that becomes our “universe 
of discourse”/“domain of quantification.”  Note that from  we can 
algorithmically generate an enumeration of tuples  of 
any finite size.  (Those of size k will work for the x-variables, and those 
of size n will work for the y-variables.)  And now we can build a BIG 
tree at the level of the pure predicate calculus, looking for either a 
scenario that makes our formula true by traveling with Buzz to infinity, 
or getting all branches closed, in which case we turn back to the 
resolution guarantee!  Let’s make sense of this by hand on paper …

𝔠 = c1, c2, …
𝔠

𝔠t = ⟨c⟩1, ⟨c⟩2, …
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