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Could Artificial Intelligence Ever ...

Match Personal Intelligence?

Godelian Essays on Minds vs. Machines
by Selmer Bringsjord

® Introduction (“The Wager”)

® Brief Preliminaries (elementary
discrete math, incl. ZOL, FOL)

® The Completeness Theorem
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® The Second Incompleteness
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® The Continuum-Hypothesis
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® TheTime-Travel Theorem
® Godel’s “God Theorem”

® Could a Machine Match Godel’s
Genius?
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Should we trust R/
Should everyone trust R/
Let's assume the affirmative.
We still need ... a proof!

Or at least we need to know there is a proof!
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**At least in its “complete” form. There are complete fragments of &,
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Completeness Theorem for
The Propositional Calculus

Let T" be a set {¢1, @2, ...} of formulae in the the propositional calculus.
Then either all of I' are satisfiable, or the conjunction up to and including
the point k (i.e. ¢1 A pa A ... A @) of failure is refutable.
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Completeness Theorem for
The Propositional Calculus

Let T" be a set {¢1, ¢o, ...} of formulae in the the propositional calculus.
Then either all of I' are satisfiable, or the conjunction up to and including
the point k£ (i.e. ¢1 A ¢pa A ... A ¢x) of failure is refutable.

Let " be a set {¢1, @2, ...} of formulae in the the propositional calculus.
Then either all of I' can be simultaneously true in some scenario, or the
conjunction up to and including the point k (i.e. ¢1 Ao A ... A @) of
failure is refutable (i.e. F =(¢p1 A pa A ... A Pr)).



Completeness Theorem (prop calc):
Either ¢ is satisfiable, or ¢ is refutable.

———-

Build a semantic-hypergraph in HyperSlate
to show that ¢ is satisfiable (and display a
¢ hypergraph that provides the truth-making
» scenario), or — if unsatistiable — proceed | 7, - Ref ¢

G, ..Sat ¢ X

to suppose ¢ and apply resolution to find a >
proof that refutes this formula.




What does the F-O

Completeness Theorem
say!




Completeness Theorem as an Equation

In first-order logic: NECESSARY TRUTH = PROVABILITY.

R—




Completeness Theorem,
More Precisely Put

For every first-order statement ¢: if ¢ is a
necessary or absolute truth (i.e. true in any
scenario whatsoever), then ¢ is provable.




And the version Godel targeted,
and proved:

For every first-order statement ¢: Either ¢
is true in some scenario, or ¢ is refutable
(= it’s negation —¢) can be proved).

GCT
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Godel’s Version Equivalent
F ¢ implies - ¢
iff

Either ¢ is true in some scenario (i.e. Sat @),
or ¢ is refutable (i.e. - —¢).

Prove the equivalence.

Can you prove Godel’s version for the propositional calculus in HyperSlate!?




The Proof-Sketch

To prove the theorem in the case of first-order logic ( = £)),
we need to show that given any set I of formulae in first-order
logic, either there's a scenario on which every member of this
set is true; otherwise, there is a refutation of the set, i.e.a proof
from the set to an outright contradiction ¢ A —¢. We can

accomplish this by finding a procedure & that first takes the set
in question and goes hunting for a scenario that does the trick.
If the scenario is found, we're done. But, if such a scenario can't
be found, then our procedure moves on to find a proof of a
contradiction from [

How?! The procedure & is the building out of a semantic
hypergraph! [f all the branches in the graph close, then the finding
of a proof of a contradiction uses resolution, and the
resolution guarantee. The guarantee is that if you have a set
of formulae that can’t be true in any scenario, resolution applied to
the set finds a contradiction L =l A ={}. QED
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be found, ther] go.6 | AMA-BDLAHGHS. [*f°f2

contradiction
How!?! The précedure < is the building out of a semantic
hypergraph! [f all the branches in the graph close, then the finding
of a proof of a contradiction uses resolution, and the
resolution guarantee. The guarantee is that if you have a set

of formulae that can’t be true in any scenario, resolution applied to
the set finds a contradiction L =l A ={}. QED




Godel as Giant: Some Evidence

THE DISCOVERY OF MY COMPLETENESS PROOFS
LEON HENKIN

Dedicated to my teacher, Alonzo Church, in his 91st year.

§1. Introduction. Thispaperdealswith aspects of my doctoral dissertation'
which contributed to the early development of model theory. What was of
use to later workers was less the results of my thesis, than the method by
which I proved the completeness of first-order logic—a result established by
Kurt Godel in his doctoral thesis 18 years before.’

The ideas that fed my discovery of this proof were mostly those I found in
the teachings and writings of Alonzo Church. This may seem curious, as his
work in logic, and his teaching, gave great emphasis to the constructive char-
acter of mathematical logic, while the model theory to which I contributed
is filled with theorems about very large classes of mathematical structures,
whose proofs often by-pass constructive methods.

Another curious thing about my discovery of a new proof of Gddel’s
completeness theorem, is that it arrived in the midst of my efforts to prove
an entirely different result. Such “accidental” discoveries arise in many parts
of scientific work. Perhaps there are regularities in the conditions under
which such “accidents” occur which would interest some historians, so 1
shall try to describe in some detail the accident which befell me.

&egcived November 17, 1_995‘apd in reyi_segi_f_o-x'm. Ja_nue_u_'y_‘_%,_ 1?96.
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But How'd He Handle All of &Z,?

Godel proves the lemma that if the GCT holds for
formula of degree j, GCT holds of formulae of degree
jt1. So the challenge reduces to formulae of degree I:

VX5 X0 ey X AV Voo vy Vi@ (X1 X0y oy Xpos Vis Vo5 <05 Vi)

How! By ingenious tree-building, which starts by creating an
enumeration of new constants ¢ = ¢y, ¢,, ...that becomes our “universe
of discourse”/“domain of quantification.” Note that from ¢ we can
algorithmically generate an enumeration of tuples ¢’ = {c);, (¢),, ... of
any finite size. (Those of size k will work for the x-variables, and those
of size n will work for the y-variables.) And now we can build a BIG
tree at the level of the pure predicate calculus, looking for either a
scenario that makes our formula true by traveling with Buzz to infinity,
or getting all branches closed, in which case we turn back to the
resolution guarantee! Let’s make sense of this by hand on paper ...
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