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(First-Order) Peano Arithmetic = PA1 = Z1

A1 ∀x(0 "= s(x))
A2 ∀x∀y(s(x) = s(y)→ x = y)
A3 ∀x(x "= 0 → ∃y(x = s(y))
A4 ∀x(x + 0 = x)
A5 ∀x∀y(x + s(y) = s(x + y))
A6 ∀x(x× 0 = 0)
A7 ∀x∀y(x× s(y) = (x× y) + x)

And, every sentence that is the universal closure of an instance of

([φ(0) ∧ ∀x(φ(x) → φ(s(x))] → ∀xφ(x))
where φ(x) is open wff with variable x, and perhaps others, free.

Q}
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And, every sentence that is the universal closure of an instance of

([φ(0) ∧ ∀x(φ(x) → φ(s(x))] → ∀xφ(x))
where φ(x) is open wff with variable x, and perhaps others, free.
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PA2 = Z2
A1 ∀x(0 "= s(x))
A2 ∀x∀y(s(x) = s(y)→ x = y)
A3 ∀x(x "= 0 → ∃y(x = s(y))
A4 ∀x(x + 0 = x)
A5 ∀x∀y(x + s(y) = s(x + y))
A6 ∀x(x× 0 = 0)
A7 ∀x∀y(x× s(y) = (x× y) + x)

(if we drop any restriction C, we have full second-order arithmetic.)
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A6 ∀x(x× 0 = 0)
A7 ∀x∀y(x× s(y) = (x× y) + x)

8X([X(0) ^ 8x(X(x) ! X(s(x))] ! 8xX(x))Induction Axiom

(if we drop any restriction C, we have full second-order arithmetic.)



PA2 = Z2
A1 ∀x(0 "= s(x))
A2 ∀x∀y(s(x) = s(y)→ x = y)
A3 ∀x(x "= 0 → ∃y(x = s(y))
A4 ∀x(x + 0 = x)
A5 ∀x∀y(x + s(y) = s(x + y))
A6 ∀x(x× 0 = 0)
A7 ∀x∀y(x× s(y) = (x× y) + x)

8X([X(0) ^ 8x(X(x) ! X(s(x))] ! 8xX(x))Induction Axiom

9X(8xX(x) $ �(x)) where �(x) 2 CComprehension 
Schema

(if we drop any restriction C, we have full second-order arithmetic.)



ACA0
A1 ∀x(0 "= s(x))
A2 ∀x∀y(s(x) = s(y)→ x = y)
A3 ∀x(x "= 0 → ∃y(x = s(y))
A4 ∀x(x + 0 = x)
A5 ∀x∀y(x + s(y) = s(x + y))
A6 ∀x(x× 0 = 0)
A7 ∀x∀y(x× s(y) = (x× y) + x)

New!

Comprehension 
Schema 9X[8x X(x) $ �(x)] where �(x) has no second-order quantifiers

<latexit sha1_base64="Atl1gpmT37YsaDRoQhH+B0ghVoM="></latexit>
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A6 ∀x(x× 0 = 0)
A7 ∀x∀y(x× s(y) = (x× y) + x)

New!

8X([X(0) ^ 8x(X(x) ! X(s(x))] ! 8xX(x))Induction Axiom

Comprehension 
Schema 9X[8x X(x) $ �(x)] where �(x) has no second-order quantifiers

<latexit sha1_base64="Atl1gpmT37YsaDRoQhH+B0ghVoM="></latexit>



Comprehension inference schema is 
available in HS®! —

But order of biconditional matters!

Later:  Bonus “Explosion” Challenge:      ℒY ∀X ∀z[Yz ∃ Xz] ∈ ω

$20 Challenge; Must sign up & get approved to tackle beforehand by Selmer:  
Long reasonable proof in PA; short counterpart in PA2.





Slutten


